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Abstract. We give a criterion for a group homomorphism on a valued abelian 
group to be surjective and to preserve spherical completeness. We apply this to give 
a criterion for the existence of integration on a valued differential field. Further, 
we give a criterion for a sum of spherically complete subgroups of a valued abelian 
group to be spherically complete. This in turn can be used to determine elementary 
properties of power series fields in positive characteristic. 

Let (A, v) be a valued abelian group. That is, u : A 3 a va is a map from A 
onto a totally ordered set with largest element oo, satisfying that va = oo <^ a = 
and v{a — a') > mm{va,va'}. The latter is the ultrametric triangle law. We set 
v{A) := {va \ a G A}. 

We recall some definitions. For a G A and a G v[A)^ we define the ball 

Ba{a) '■= {a' G A \ v[a — a') > a} . 

It follows from the ultrametric triangle law that 



A set of balls in (A, v) is called a nest of balls if it is totally ordered by inclusion. By 
(1), this is the case as soon as every two balls in the set have a nonempty intersection. 
The intersection of the nest is defined to be the intersection of all of its balls. Further, 
(A, v) is called spherically complete if every nest of balls has a nonempty intersection. 

It is well-known that the valued additive group of every power series field and, more 
generally, of every maximally valued field is spherically complete (cf. [PI], [P2], [PR], and 
[Kl]). For maximally valued fields, this was essentially proved by Kaplansky in [KA], 
using the notion of "pseudo Cauchy sequence" instead of "nest of balls". 

Theorem: Let (A, v) and (5, w) be valued abelian groups and f : A ^ B a group 
homomorphism. Assume that there is a subset C A such that: 
a) the assignment 







defines an order preserving map : v{S) — > w[B) 
b) for all a ^ A and s ^ S , 



va > vs ^ wf[a) > wf[s) , 



c) for every b ^ B \ {0} there is some s ^ S such that 



wih — f{s)) > wb . 



Suppose further that (A, v) is spherically complete, 
spherically complete. 
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Proof: We will write fa instead of /(a). First, we observe that w[B) \ {00} C (f(^v[S)): 
by assumption c), for every 6 G -B, & 7^ 0, there is some s ^ S such that w[b — fs) > wh, 
which implies that wh = wfs = (fvs G (f{v[S)). Since (f is order preserving by assumption, 
it is also injective. Therefore, it admits an inverse (f~'^ : w[B) \ {00} — > v[S). 

Take an arbitrary a G A and some a G v[S); we claim that 

Indeed, if a' G Ba{a) then v[a — a') > a, and thus w[fa — fa') = wf[a — a') > (pa by 
assumption b), showing that fa' G B^pa^fa). 

Next, using that is spherically complete we wish to show that 

Va G A Va G v{S) : /(5„(a)) = B^^{fa) (2) 

where the latter is a ball in B. Take any a G A, a G v{S) and h G B^pa^fa). We have to 
show that h G f{Ba{a)). Let Ba^{ai), z G /, be a maximal nest of balls in Ba{a) such that 
cti G v[S) and b G B.^a.if'^i) ^- Since the nest {i?„(a)} satisfies these conditions, a 

maximal nest exists by Zorn's Lemma. 

Since (A,u) is spherically complete by assumption, there is some a G Hie/ -^"^ (^O- 
Then fa G f{Ba,{(^i)) ^ B.^a.if'^i) thus w[b — fa) > (/ja^ for all i. Suppose that b ^ 
fa. Then by assumption c), there is some s ^ S such that w[b — fa) < w[[b — fa) — fs) = 
w[b—f[a-\-s)) =: (3'. We set a' := a+s and observe that vs = (f~^wfs = (f~^w[b—fa) > 
for all i. Hence, a' = a + s G Ba^{a) = Ba,{(^i) foi" ^• 

If 6 = fa' then b G f{Ba{a)) and we are done. Otherwise 7^ 00, and we can set 
a' := (f~'^(3'. As > w[b — fa) > (pai^ we have that a' > for all This shows that 
Ba'{a') is properly contained in all Ba,{(^i)- On the other hand, b G Bpi[fa') = i?(^„/(/a'). 
Therefore, we can enlarge our nest of balls by adding Ba'{a'). As this contradicts the 
maximality, we conclude that b = fa ^ f[Ba{a))^ as desired. 

To show the surjectivity of /, take any b ^ B. If 6 = then 6 = /O G f{A). 
So assume that b ^ 0. Then by assumption c), we can choose some a ^ S such that 
(3 := w[b — fa) > wb. If fa = b then we are done. Otherwise (3 ^ 00 and we can set 
a := (f~'^(3 G v[S)^ obtaining that b G Bp[fa) = f[Ba{a)). This shows the surjectivity. 
Let us note that (3 > wb = wfa and hence, a = (f~'^(3 > (f~^wfa = va. So we have 
proved, for all 6 G -B: 

6g/(S'U{0}) V 3a(^ S3a(^v{S): a> va h b(^ f{Ba{a)) . (3) 

Finally, let us prove that (5, w) is spherically complete. Take any nest of balls 
{Bp^ibj) I J G J} in (B^w). We have to show that this nest has a nonempty inter- 
section. We may assume that (3j ^ 00 for all j G J; indeed, if (3^^ = 00 for some jo G J, 
then the intersection is {b^^} ^ and there is nothing more to show. 

We claim that there exists a nest of balls {Ba,{(^i) | « G /} in (A, v) maximal with the 
property that for every i ^ 

cti G v[S) and there is some j J such that Bp^ibj) C f(^Ba,{(^i)) ■ 
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Indeed, we can choose an arbitrary j G J, set a := (3j and then, by the surjectivity of 
/, choose some a G A such that fa = bj . Then by (2), Bp^ihj) = f[Ba{a))- So {i?„(a)} 
is a nest with the required property. Hence, a maximal nest {Ba,{(^i) I ^ ^ with this 
property exists by Zorn's Lemma. It follows that 

n C n f{Ba,{a.)) = n ^.«,(/aO . (4) 

jeJ iei iei 

We wish to show that 

/fn^«,(aO) '^DBfjM. (5) 
\iei ' jeJ 

Suppose the contrary. Since / (Hie/ -^"^ (^0) — Hie/ /(-^"j (^O)' must then have that 
inequality holds in (4) and that there is an element a G Hie/ Ba,{(^i) s-nd some jo G J such 
that fa ^ Bj3^^{bjg) ^ Hie/ -^va^ (/^O- The inequality implies that (3jg > (pai for all i. As 
bjg^fa G -Bc^a, (/oj), we have that — fa) > (/ja^ for all i. By assumption c), there is 

some s ^ S such that w[bjg — fa) < wi^ib^^ — fa) — fs) = wib^^ —f[a-\-s)) =: (3. As before, 
we set a' := a -\- s and observe that a' G Ba,{(^i) foi" ^- We set (3' := min{/3,/3jQ} < oo 
and a' := (f~'^(3'. Then (3' > (pai and a' > ai for all i. It follows that Ba'{a') is properly 
contained in all Ba,{(^i) foi" ^- On the other hand, > (3' and — fa') = (3 > (3' 

imply that Bp^^ib^^) C Bpi[fa') = f[Ba'{a')). Therefore, we can enlarge our nest of balls 
by adding Ba'{a'). As this contradicts the maximality, we conclude that (5) must hold. 

Since (A^v) is spherically complete by assumption. Hie/ -^"^ (^0 nonempty. Hence 
by (5), CljeJ Bpji^i) nonempty, as desired. □ 

There is also a version of this theorem for ultrametric spaces, where addition is not 
available ([K3]). 

Remarks: Assume that the conditions of the theorem hold. Then in particular, (3) 
holds for every 6 G -B. 

Take any a ^ S and a G v[S) such that va < a. It follows that every a' G Ba{a) has 
value va' = min{ua,a} = va. By (2), fa' G f{Ba{a)) = B^pa^fa). Since > vofa and 
a G S*, we have that vofa' = nim{wfa^w[fa' — fa)} = vofa = (fva = (fva'. Hence, the 
subset S U Ba{a) C A still has property a). Trivially, it also has properties b) and c). 
Therefore, every maximal subset S C A having properties a), b) and c) will contain every 
ball Ba{a) of the above form. By (3), it will therefore satisfy that 

/(^U{0}) = B. 

On the other hand, if S can be chosen such that S — S C S (which in fact means 
that is a subgroup), then f : S ^ B will be injective. Indeed, if G such that 
fs = fs' , then f{s — s') = and vof{s — s') = oo. With s — s' S and G S*, this implies 
that v{s — s') = oo, i.e., s = s' . If in addition for all a G A there is some s S such that 
fs = fa, then f : S ^ B will be an isomorphism of valued groups. This is the situation 
of application (A) below. 
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Note that if S contains an element Sq such that fso = (e.g., if G S*), then by the 
first part of our proof, (f : v[S) — > w[B) will be an order preserving bijection. For this, 
it is not necessary that (A, v) be spherically complete. 

Applications: 

(A) Let (K^D) be a differential field with field of constants C = {a ^ K \ Da = 0}. 
Following M. Rosenlicht [Rl], a valuation v of K is called a differential valuation if it 

is trivial on C and satisfies 

ya,be K : va>OAvb>OAb^O v (^^^ > . (6) 

These conditions imply that 

Va, h^K\ {0}, 7^ 0, u6 7^ : va<vh ^ vDa < vDh . (7) 

If C is a set of representatives for the u-residues of A", then also the converse holds, i.e., 
V is differential if and only if it satisfies (7), cf. [Rl]. 

We say that (A", D) admits integration if D is surjective. If u is a differential 
valuation on A", then following Rosenlicht [R2], we say that (A", D) admits asymptotic 
integration if for every h G A", & 7^ 0, there is some a G K such that vih — Da) > vh. 

Let k be any field and G any ordered abelian group. The (generalized) power 
series field k[[G)) consists of all formal sums a = "^gtzfjCgt^ with Cg ^ k and well- 
ordered support supp(a) = {g €^ G \ Cg ^ 0}. The canonical valuation on k{{G)) is 
given hy va := minsupp(a) G G and vO := 00. 

The following is applied in [KK] to prove integration for exponential-logarithmic power 
series: 

Let k[[G)) be a power series field, endowed with a derivation D for which k is the field 
of constants. Suppose that the canonical valuation v of K is a differential valuation (with 
respect to D). Then [k[[G))^ D) admits integration if and only if it admits asymptotic 
integration. 

Proof: As we have already mentioned, the additive group of the power series field 
k[[G))^ endowed with the canonical valuation is spherically complete. We let S be the 
subgroup of all power series a in k[[G)) without constant term (that is, if a = Y^gtzQCgt^ 
then Co = 0). Then k[[G)) = S (Bk and v[S) = G\{0}. Therefore, (7) implies assumption 
a) of the theorem. 

If a = s' -|- c G k[[G)) with s' ^ S and c k, then va = vs' < or vs' > > (with 
vs' = > if c = 0). In all cases, vs' > va. Hence if s G such that va > vs, then 
vs' > vs and by (7), vDa = vDs' > vDs. This shows that also assumption b) holds. 

Since for every a G k[[G)) there is some s ^ S such that Da = Ds, assumption c) 
holds if and only if [k[[G)), D) admits asymptotic integration. Now the theorem proves 
one direction, and the other one is clear since integration implies asymptotic integration. 

□ 
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In this application, is a subgroup of the additive group of k[[G))^ having the property 
that for every a G k[[G)) there is some s ^ S such that Ds = Da. Hence by the remark 
above, D : S ^ k[[G)) is an isomorphism of valued abelian groups. In particular, this 
shows that for every b G k[[G)) there is a unique s ^ S such that Ds = b. 

On the other hand, S is not a maximal subset of k[[G)) having properties a), b) and 
c). Indeed, as v[S) = G \ {0}, we can pick a ^ S and a G v[S) such that va < a < 0. 
Then a + c G Ba{a) for every c ^ k and thus, Ba{a) <f_ S. However, is a maximal 
subgroup having properties a), b) and c). 

(B) Let [A^ v) be a valued abelian group and Ai, . . . , A„ be subgroups of A. We call the 
sum Ai + . . . + A„ C ^ pseudo-direct if for every a G Ai + . . . + A„ , a 7^ 0, there are 
ai G Ai such that 

n / ^ \ 

V a; = min vai and v \ a — 'S^ ai \ > va . 

^ l<i<n \ / 

8 = 1 — — \ 8 = 1 / 

The following is applied in [Kl], [K2] to determine elementary properties of the power 
series field Fp((t)): 

Assume that the subgroups [Ai^v) of [A^v), 1 < i < n, are spherically complete. If the 
.sum Ai + . . . + An C A is pseudo-direct, then it is also .spherically complete. 

Proof: We endow the direct product A := Ai X . . . X A„ with the minimum valuation 

by setting 

u(ai, . . . , an) '■= min vai ■ 

l<i<n 

Further, we set B := Ai + . . .+A„ C A and take / : A — > to be the group homomorphism 
defined by /(ai, . . . , a„) := Yl^=i (^i ■ We let C A be the set of all n-tuples ( (2]^ , . . . , an ) 
which satisfy that vY,'^_^ ai = mini<i<„ vai ■ We note that v[S) = v[A) C v[A) and that 
the map (f defined as in assumption a) of the theorem is simply the identity on v[S). 
Assumption b) of the theorem holds since by the ultrametric triangle law, we always have 
that V Y^^-i ai > mini<i<„ vai ■ Finally, the sum Ai + . . . + A„ C ^ is pseudo-direct if and 
only if assumption c) of the theorem holds. As it is well-known that the direct product 
of finitely many spherically complete valued abelian groups, endowed with the minimum 
valuation, is again spherically complete (cf. [Kl]), our assertion now follows from the 
theorem. □ 



In this application, S will in general not be a subgroup of A, and / will in general not be 
injective. Indeed, the groups Ai may have non-trivial intersection, so two elements of S 
may be equal up to a permutation of the coordinates ai . 

(C) Let (A, v) be a spherically complete valued abelian group, and a G v[A). We leave it 
to the reader to define a canonical valuation on the quotient group A/i?„(0) and to apply 
the theorem in order to show that with this valuation, A/i?„(0) is spherically complete. 
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